Introduction
The philosophy of time has long been troubled by the (at least, apparent) inhospitality of spacetime physics towards a robust notion of Becoming. The representation of a spacetime and of its material contents by means of 4-dimensional differentiable manifold hosting a family of geometric object fields seems biased ab initio in favor of the eternalist metaphysical thesis that Donald Williams ([1951] 1967) has dubbed "the doctrine of the manifold". Of course, some philosophers have tried to salvage a notion of Becoming, even in the less hospitable environments of relativistic worlds, either by weakening the philosophical notion (e.g., by localizing the present) or by dismantling some of the physics (e.g., by introducing a preferred inertial frame). Still, till recently, theory construction in physics has proceeded without paying much attention to incorporating a mechanism for realizing genuine Becoming.
A significant exception to this ethos in theoretical physics is the causal set programme (CSP) in quantum gravity, which made its first official appearance in 1987 (Bombelli et al. 1987) . The CSP has two core postulates concerning the deep structure of spacetime: that it is discrete and that it can be interpreted with reference to causal concepts and principles. 1 In more detail, a spacetime as envisioned by classical general relativity is just a "coarse" approximation to a causal set, a locally finite partially ordered set. From a philosophical perspective, the CSP may be regarded as an outgrowth of the causal theories of time or spacetime -and, arguably, an outgrowth that overcomes significant hurdles of antecedent lines of attack. 2 Hence one could claim that the CSP deserves more attention by philosophers than the little it has attracted so far (Stachel 2006; Butterfield 2007; Earman 2008; Wüthrich 2012; Callender and Wüthrich 2014) .
But I shall confine attention only to the question whether the CSP harbors a genuine notion of Becoming. In fact, the CSP promises to support a dynamic conception of time in a growing block model of the universe, similar in basic principle to the one championed by Charlie Dunbar Broad (1923) or the one defended by Michael Tooley (1997) . According to this conception, referred to in the literature under the rubric past-presentism or possibilism (Savitt 2014) , the totality of the existent state of affairs depends on time and at each time all past and present objects, events, etc. exist but not those in the future. Analogously, according to the CSP, a causal set grows via a stochastic process of addition ("birth") of new elements, while the addition of a new element should not be regarded as taking place in time but rather as constituting time. This suggests the image of a universe in which the "sum total of existence is always increasing" -to quote Broad (1923, 66-67) . In fact, Rafael Sorkin (2007, 157n) , one of the leading proponents of the CSP, has made an explicit reference to Broad's view of time and John Earman has pointed out that the CSP "promises to transmute Becoming from a piece of speculative metaphysics to one of naturalized metaphysics" (Earman 2008, 159) . On the other hand, Jeremy Butterfield has, in a passing remark, deflated these prospects (Butterfield 2007, 859) .
By developing Butterfield's remark, which itself rests on a technical point well known to the proponents of the CSP, into a fully articulated argument, I shall argue that the CSP, with its classical stochastic process dynamics, does not substantiate past-presentism -at least, not at a higher degree than the familiar relativistic theories on continuous (smooth) spacetime manifolds. The proviso "with its classical stochastic process dynamics" is crucial here because there is as yet considerable uncertainty as to what a quantum dynamics for causal sets will look like.
The plan of the paper is as follows. Section 2 sketches the philosophical issue. Section 3 reviews the basics of the CSP -in particular, those elements that are relevant to the argument I shall offer. Section 4 expounds the central argument. And Section 5 wraps it up by stating more fully and more rigorously the conclusion. 2 As it is well known, the full geometric structure of a general relativistic spacetime cannot be recovered from its causal structure (viz. the structure induced by the order relation of connectibility of manifold points via timelike curves). The limitations for such a recovery were established by Malament (1977) : roughly, the metrics of two general relativistic spacetimes that share the same causal structure may differ up to a conformal factor. (For a rigorous exposition, consult also Malament 2007, 270-271 .) The CSP removes this "conformal ambiguity" by estimating the volume of a region in a general relativistic spacetime with the number of causal set elements "contained" in that region. The slogan is "geometry = order + number". For a more precise account, see Sorkin (2005) . In this paper, philosophers will find explicitly stated philosophical motivations drawn from Riemann's views on physical geometry -views exploited later by Grünbaum (1973, 8-18) toward the thesis of the intrinsic metrical amorphousness of space and time continua-as well as references to Reichenbach and Robb.
World and Becoming
According to a common intuition, time "passes" and the history of the universe gradually unfolds with the coming-to-be of new events. Modern physics, however, appears to be hostile toward this "intuitive metaphysics" of time. The familiar spacetime theories, relativistic or not, have models of the type ⟨M, G 1 , ..., G n ⟩, where M is a smooth 4-dimensional differentiable manifold and G 1 , ..., G n , for some natural number n > 0, are geometric object fields specifying the geometry and the matter-energy content of spacetime. The points of the manifold M, as spacetime locations of idealized possible events, are assumed to be given, "once and for all", from the "beginning" in all four dimensions.
This mode of construction of physical theories about space and time sides, at first blush at least, with the metaphysical thesis that Williams ([1951 Williams ([ ] 1967 named "the doctrine of the manifold". Here is an excerpt from another paper by Williams in which the "doctrine" is proclaimed: 3 What I advocate as 'the doctrine of the manifold, ' ... is simply a philosophical acceptance, as an ultimate literal truth about the way things are in themselves, of the conception that nature, all there is, was, or will be, 'is' (tenselessly) spread out in a four dimensional scheme of location relations which intrinsically are exactly the same, and hence in principle commensurate, in all directions, but which happen to be differentiated, in our neighborhood at least, by the de facto pattern of the things and events in them -by the lie of the land, so to speak. We are all perfectly familiar with the fact that the prodigious difference of the vertical dimension of space, with its terrifying asymmetry of up and down, above and below, from all those comparatively indifferent directions we call horizontal, is not due to any intrinsic difference between vertical and horizontal distances but only to a certain characteristic complex of matter and force in our vicinity whose 'grain, ' so to speak, runs one way and not the other. Just so, I argue, there is a somewhat more pervasive pattern of physical qualities and relations which constitutes the even more momentous oddity of the temporal direction, with its even more striking asymmetry of earlier and later, in contrast with all the socalled spatial directions (Williams 1965, 465) .
The underlying philosophical debate is that between static and dynamic conceptions of the world and may be summarized thus. 4 On a static conception of the world, what states of affairs exist does not depend upon time. Accordingly, change is not conceived as change in the totality of existent states of affairs over time; it is conceived, rather, in terms of the possession, by some object, or by the world as a whole, of different properties at different times. By contrast, according to a dynamic conception of the world, what states of affairs exist does depend upon time. Consequently, the totality of existing states of affairs a given object participates in may differ from one time to another. Such a difference 3 I owe the "discovery" of this particularly clear statement of the "doctrine of the manifold" to my reading of Savitt's (2002) -a paper devoted to unearthing a common ground between Williams's and Broad's later views. 4
Here I rely heavily on Tooley 1997, 13-16. is precisely what is conceived as change in the given object, as opposed to the mere possession by the object of different properties at different times. Similarly, change in the world as a whole is thought of, not in terms of the possession of different properties by different temporal slices of the world, but rather as a difference in the totality of states of affairs that exist as of different times. Eternalists or block theorists ("Blockheads" in Earman's 2008 inspiring terminology) advocate a static conception of the world whereas past-presentists or growing block theorists (called "Broadheads" by Earman 2008) espouse a dynamic conception of the world. Eternalists, like Williams, believe that all past and future objects, events, etc. are as real as those of the present and that there neither were nor will be objects, events, etc. that do not exist now. By contrast, past-presentists, like Broad or Tooley, affirm the existence of all past or present objects, events, etc. but deny the existence of future objects, events, etc. 5 Here is a telling excerpt from Broad's Scientific Thought:
When an event, which was present, becomes past, it does not change or lose any of the relations which it had before; it simply acquires in addition new relations which it could not have before, because the terms to which it now has these relations were then simply non-entities.
It will be observed that such a theory as this accepts the reality of the present and the past, but holds that the future is nothing at all. Nothing has happened to the present by becoming past except that fresh slices of existence have been added to the total history of the world. The past is thus as real as the present. On the other hand, the essence of a present event is, not that it precedes future events, but there is quite literally nothing to which it has the relation of precedence. The sum total of existence is always increasing, and it is this which gives the timeseries a sense as well as an order. A moment t is later that a moment t΄ if the sum total of existence at t includes the sum total of existence at t΄ together with something more (Broad 1923, 66-67). Indeed, Broad distinguished three senses of the word 'change' , with the third -the one he dubbed "absolute Becoming"-being the most fundamental:
I think that we must recognise that the word "change" is used in three distinct senses, of which the third is the most fundamental. These are (i) Change in the attributes of things, as where the signal lamp changes from red to green; (ii) Change in events with respect to pastness, as where a certain event ceases to be present and moves into the more and more remote past; and (iii) Change from future to present. I have already given an analysis of the first two kinds of change. It is clear that they both depend on the third kind (Ibid., 67).
As already noted, a similar view, but with significant differences, 6 has been articulated recently by Tooley (1997) . According to Tooley, the events in the world are connected via an asymmetric causal relation, with the causes producing their effects by "giving birth" to them, by "bringing them into existence". This 5
Cf. Rea 2003, 247. 6 Mainly as regards the relative priority of tenseless over tensed concepts and facts and the crucial role of causation.
conception of causation is combined with a substantivalist thesis according to which spacetime consists of points, thought of as contingent entities, with each spacetime point being the cause of birth of other spacetime points. But I shall not dwell into more details of either Broad's or Tooley's views. I shall come directly to a well-known problem encountered by every attempt to implement a growing block model of the universe within classical general relativistic cosmology. 7 It appears plausible to require that in a spacetime manifold, Becoming be represented by a family of spacelike hypersurfaces, indexed by the values of a global time function. But some models ⟨M, g ab , T ab ⟩ of classical general relativity do not admit a global time function t : M  □, 8 while those that do admit one admit an infinity of them. And one might make a case to deal with the first horn of the problem, i.e., the non-existence of a global time function in some general relativistic spacetimes. A necessary and sufficient condition for a spacetime of general relativity to admit a global time function is that it be stably causal. 9 So one might confine attention to stably causal spacetimes and appeal to arguments that only such spacetimes are physically realizable. 10 But the horn of the "embarrassment of riches" is thornier. Pastpresentism cannot tolerate such a "democracy". A global time function must be ontologically distinguished inasmuch as it demarcates "existence" from "nonexistence" by providing the temporary locus of "absolute Becoming".
As Earman has pointed out, the CSP suggests a promising way to deal with this problem (Earman 2008, 149) . It offers a "mechanism" generating an increase in what Broad would regard as the "sum total of existence" and then examines whether this increase corresponds to the accretion of layers of "now" indexed by a global time function. So let me turn immediately to the basics of the CSP. 7 Earman presents this problem as a dilemma and canvasses the possible ways out, none of which appears trouble-free for the "Broadheads" (Earman 2008, 147-150 Wald 1984, 198 . See also Earman 1995 , 166. 10 For example, Hawking and Ellis ([1973 ] 1989 have argued that spacetimes that are not stably causal are not physically realizable along these lines: given that general relativity is expected to be the classical limit of a quantum theory of spacetime in which the metric does not have a definite "value" at each point, in order for a property of the spacetime to have physical significance it must be characterized by some "stability", i.e., must be as well a property of "nearby" spacetimes. Of course, such extrinsic justifications of causality conditions ultimately hinge upon debatable assumptions concerning putative "exotic possibilities" such as time travel. I shall not pursue this issue further. To start with, the reader may consult Earman 1995, ch. 6 and Arntzenius and Maudlin 2013.
Deep Structure of Spacetime: Causal Sets
Discreteness and causal relatedness, the two pillars of the CSP, are reflected in the very definition of a causal set. A causal set or causet is a locally finite, partially ordered set ("poset"). Explicitly, a causal set is a structure ⟨c, A⟩, where c is a set and A is a binary relation on c satisfying the following conditions: (i) for every x, y, z  c , if x A y and y A z, then x A z (transitivity); (ii) for each x  c, it is not the case that x A x (irreflexivity); 11 and (iii) for any x, y,  c, {z c : x A z A y} is a finite set (local finiteness). Clearly, given a causet ⟨c, A⟩, the relation 9 defined by For all x, y  c, x 9 y if and only if (x A y or x = y) is a partial order on c . All the causal sets ⟨c, A⟩ we shall be considering below in the context of classical sequential growth satisfy the stronger than local finiteness property of being past finite: for every x  c, the set {y  c : y 9 x} is finite. The statement 'x A z' is expressed by several suggestive locutions borrowed from mathematical, physical or genealogical terminology: 'x precedes y' , 'y follows x' , 'x is in the past of y' , 'y is in the future of x' , 'x is an ancestor of y' , 'y is a descendant of x' , etc.
The core idea of the CSP is that the elements of a causal set may be thought of as events in a discretized spacetime and the order relation as a causal relation. 12 The basic assumption is that in the regime of very small scales (of the order of the Planck length l p = (Gћ/c 3 ) 1/2 = 10 -33 cm) spacetime is no longer described by a semi-Riemannian metric on a smooth manifold, but by a causal set. To use an analogy suggested by Dowker (2005) , just as ordinary matter appears to us "continuous" while in reality it consists of molecules and atoms, so spacetime appears to us "continuous" at large scales while in reality it is a causal set and the spacetime "continuum" of our experience is just an approximation to the underlying discrete ordered structure.
As an ordered set, every finite causal set can be represented graphically by a Hasse diagram. Draw a dot (vertex of a graph) to represent each element of the finite causal set and draw a line (edge of a graph) to represent each irreducible relation x A y, 13 with the preceding element x being represented by a dot drawn below the one representing the following element y. Figure 1 illustrates a very simple concrete example, with the elements of the causal set labeled by natural numbers. If you have trouble imagining the "spacetime continuum of our experience" to "arise" from a simple discrete structure like the one depicted in Figure 1 , take into consideration that, according to rough estimates (Dowker 2006, 5) , in the causal set underlying 1cm 3 % 1s of the spacetime continuum you should expect some 10 143 elements. (Not that such an estimate can really assist the imagination!)
Leaving aside flights of the imagination, I turn immediately to the tedious chore of reviewing a few basic definitions needed in the rest of the paper. Let c be a causal set. The past of an element x  c is the set of all elements that precede it in c, past c (x) = {y  c : y A x}. And an element x  c is called maximal if and only if it is to the past of no element -i.e., x  past c (y) for every y  c. Let, now, a be a subset of c, a  c, . The past of the subset a of c is just the union of the pasts of its elements, past c (a) =  xa past c (x). Of course, a is said to be a chain just in case it is linearly ordered -i.e., any two distinct elements of a are related by the relation A of precedence (xAy or yAx for any x, y  a with x ≠ y). On the other hand, a is called a stem if and only if it is finite and contains its own past (past c (a)  a). 14 Now, as I have mentioned already, the exact final formulation of a quantum dynamics for causal sets is still an open question. But as a first step in the direction of formulating such a dynamics, Sorkin and collaborators have worked out a dynamics of a classical stochastic process in discrete stages, a classical sequential growth (CSG) dynamics. 15 The basic idea is this. Starting from the empty set, a causal set grows via a stochastic process at each stage of which a new element is added to the already existing causal set, with the process running to infinity. Accordingly, the elements of any causal set, be it finite or infinite, may be labeled by natural numbers. Specifically, a natural labeling of a causal set c is a bijective mapping of the initial segment of the set of natural numbers □ = {0,1,2,...} whose cardinality equals that of c -hence, of □ itself, if c is infiniteonto c that preserves order. That is, for a causal set c with n elements, a natural labeling is just a 1-1 and onto map l : {0,1,..., n -1}  c such that for all x, y  c, if x A y, then l(x) < l(y). By convention, a natural labeling of a causet expresses an order of birth we attribute to its elements, but carries no intrinsic physical significance (see below). 16 Obviously, a causal set may admit more than one labelings. A labeled causal set c = ⟨c, l˜c ⟩ is just a causal set, c, together with one of its labelings, lc. 17 Given two labeled causal sets, c = ⟨c, lc⟩ and b = ⟨b, lb⟩, of the same cardinality, say k, 18 we shall say that c and b are k -label variants and we shall write c ⌷ k b if and only if l˜b ∘ l˜c -1 : c  b is an isomorphism with respect to the order relations in the causal sets c and b. In such a case, c and b are isomorphic ordered structures differing only in their labelings. Evidently, for each k = 0,1,2,..., ∞, 19 the binary relation ⌷ k of k -label variance is an equivalence relation on the set of labeled causal sets with cardinality k.
The dynamical law in a CSG setting for causal sets reduces to an assignation of probability to each transition from every finite causal set to each causal set that can be formed from it by the addition of exactly one element. The RideoutSorkin (RS) models of such a dynamics are required to satisfy four postulates I shall briefly present next.
First is the requirement of internal temporality: each element of a causal set is born either to the future of, or unrelated to, all existing elements; no element can arise to the past of an existing element. Rideout and Sorkin phrase the rationale thus:
The phenomenological passage of time is taken to be a manifestation of this continuing growth of the causet. Thus we do not think of the process as happening "in time, " but rather as "constituting time" ... (Rideout and Sorkin 1999, 2) .
Put another way, physical time is defined by the intrinsic ordering of a causal set.
The second postulate is the requirement of discrete general covariance: the net probability of formation of any particular finite causal set is independent of the order of birth we attribute to its elements (i.e., of each natural labeling of its 16 Henceforth, I shall consider only natural (i.e., order-preserving) labelings of causets but I shall often drop, for brevity, the qualification 'natural' . 17 A note on notation. I use small case letters from the beginning of the Latin alphabet (a, b, c,...) , sometimes embellished with accents, to denote causets. For each n  ⌷, Ω(n) is the set of all causets with n elements. Ω() =  n Ω(n) is the set of all finite causets. And Ω is the set of all infinite "completed" causets, i.e., those that result "when" the sequential process of accretion of new elements "runs to completion". CSG starts with the transition from the empty set to the 1-element causet -a transition assigned the probability value α 0 = 1 because "the universe does exist". Thereafter there are two paths, indicated by the superscripts '(1)' and '(2)' , that can lead to the formation of the 3-element causet depicted at the top, each involving the intermediate formation of a different 2-element causet. Discrete general covariance demands that the products of transition probabilities along these two paths be equal: α 1
. Thus a labeling of a causal set, even if natural, carries no physical significance. It stands for a kind of "external" or "extrinsic" time and introduces a gauge element into the theory because we use it to describe the dynamics of the growth of causal sets. The condition of discrete general covariance expresses what would here correspond to "invariance under gauge transformations". Indeed, the counterpart of a natural labeling of a causal set in a spacetime continuum would be a coordinate system (x i ) i=0,1,2,3 whose first coordinate x 0 would be everywhere timelike so that it could serve to foliate spacetime into a family of spacelike hypersurfaces. 22 And, of course, physics is independent of the choice of coordinates.
20 More precisely, for any b, c  Ω(), b ◁ c if and only for some n  there exist a 0 , a 1 , ..., a n  Ω () such that a 0 is isomorphic to b, a n is isomorphic to c, and for every i  {0,1, ..., n}, a i+1 can be formed by accreting a single element to a i (a i+1 is a "child" of a i , to adopt the genealogical vocabulary dear to the proponents of the CSP). 21 It is a mere reproduction of Figure 3 of Earman's (2008, 157) . 22 See also Rideout and Sorkin 1999, 2n3.
The third requirement imposed on the RS models for CSG dynamics implements the classical idea that events occurring in some "part" of a causal set are influenced only by that "portion" of the causal set lying to their past. It is the condition of Bell causality: the probability of a particular addition of a new element to a causal set depends only on the past of the new element and is not affected by elements in spacelike separation. The mathematical formulation provided by Rideout and Sorkin looks a bit convoluted at first blush (Rideout and Sorkin 1999, 6-7) . It starts with a definition: for every n  , the precursor set of the transition from b  Ω(n) to c  Ω(n+1) induced by the birth of a new element x is defined by
Bell causality demands that if for each j  {1,2}, c  c j is a transition from c Ω(n) to c j Ω(n+1), then In this example, of course, the satisfaction of Bell causality amounts again to the satisfaction of relation (4).
The last requirement assumed to be satisfied by the RS models ensures that a CSG dynamics for causal sets be a Markov process. 23 It is the Markov sum rule: the sum of all transition probabilities issuing from a given causal set must be equal to 1.
It has been shown that these four conditions are sufficiently restrictive to determine every transition probability from a causal set with n elements to a causal set with n+1 elements, for any n, leaving just one free parameter for each stage of the stochastic process. Under the assumption that no transition probability vanishes, 24 one can derive that an arbitrary transition probability α n from a member of Ω(n) to a member of Ω(n+1) may be computed by employing the formula
where  stands for the cardinality of the precursor set of the transition, m is the number of maximal elements in the precursor set of the transition, and t i (i = 0,1,2,...) are free parameters satisfying t 0 = 1 and t i ⩾ 0.
Needless to say, all of the above provide no more than a mere sketch of a central theme developed within the CSP. But I shall forego the discussion of other technical aspects of the CSP and turn to the exploration of its relation to growing block views of the universe.
General Covariance: Block Universe
Again, recall what the promise is: the CSP will provide a physical mechanism implementing a genuine notion of Becoming. Here is, in more detail, Earman's forceful way of putting the matter:
Apart from the hoary philosophical debates about the reality of the future, the growing block model is given new life by the causal set approach to quantum gravity. By providing a physical mechanism for producing growth and Becoming, this approach promises to transmute Becoming from a piece of speculative metaphysics to one of naturalized metaphysics. Furthermore, the causal set approach avoids any appearance of parasitism on block models, since it makes classical relativistic spacetime an emergent feature of Becoming, something Broad would have no doubt applauded (Earman 2007, 159-160) .
And, certainly, this assessment agrees not only with the imagery residing at the core of the CSP but also with declarations made by some of its proponents. I shall now argue that the enthusiasm all this may instigate in the hearts of growing block fans should be tempered, once all the consequences of the principle of discrete general covariance are unraveled.
In the context of classical general relativity on differentiable manifolds, the requirement of general covariance enforces diffeomorphism-invariance on 24 Rideout and Sorkin (1999) , whose approach and results I present here, imposed this assumption but Varadarajan and Rideout (2006) removed it. Of course, once the assumption of nonzero transition probabilities is removed, some of the physical postulates (notably, Bell causality) must be reformulated to make mathematical sense.
the dynamical models and coordinate-independence on the observables. We have mentioned already the way in which discrete general covariance restricts the stochastic dynamics of causal sets. What can we say about observables? Alternatively, what sort of questions is the available causal set theory expected to give answers to and how? For comparison, let us start from a more familiar probabilistic physical theory -namely, quantum mechanics. The elementary questions quantum mechanics can give answers to have the form: 'Will a measurement of the observable O conducted on a quantum system in the state |Ψ⟩ yield a result in the (measurable) set Δ of real numbers?' And the answers are probabilistic: 'Yes, with probability Pr |Ψ⟩ (O, Δ)' , with the probability value being computed courtesy of some variant of Born's statistical algorithm. But the causal set theory under discussion here appears to be a physical theory of a quite different ilk. 25 Its "empirical claims" -i.e., the claims associating (some of) its models with the world-are intended to pertain to the universe as a whole and the dynamics is supposed to describe possible entire histories of the universe (possible universes). Accordingly, the relevant elementary questions inquire as to whether a given causal set c belongs to this or that possible history. Such questions assume the general form: 'Will the CSG of the causal set c "end up" forming an infinite ("completed") causal set that satisfies the predicate Φ?' where 'Φ' stands for some predicate of interest. For example, the symbolic statement 'Φ(a)' may stand for 'a contains a 4-chain' or 'a contains an element whose ancestors and descendants jointly exhaust the remainder of a' , 26 etc. And the answers are, again, of probabilistic nature: 'Yes, with probability μ(A)' , where A is that subset of Ω whose members satisfy the appropriate logical combination of predicates at hand.
However, we have not as yet shown how the probability measure μ is constructed. In essence, we have not as yet defined mathematically the relevant stochastic process. Indeed, the family {α n :n} of transition probabilities for finite causal sets, given by (5) above, does not by itself constitute a stochastic process. Recall that, in general, a stochastic process is a family {X t :t T} of random variables on a probability space ⟨Ω, R, μ⟩, indexed by (continuous or discrete) "time" t. 27 Furthermore, for the measure μ to be defined via Kolmogorov's theorem, all the finite-dimensional distributions μ t 1 ...t k , ⟨t 1 , ..., t k ⟩ T, k = 1,2,..., are needed. 28 25 The differences are mitigated if quantum mechanics is construed along the lines of a suitable version of the consistent histories interpretation, favored, of course, by adherents to the CSP. 26 In the jargon, such an element is called a post. From the cosmological viewpoint, whether the universe's causal set will develop a post amounts to whether the universe will recollapse. 27 Ω is the sample space, R is a σ-algebra (σ-field) in Ω , and μ : R  ☐ is a probability measure on R. I shall not rehearse here the well-known definitions of these concepts or of the concept of a random variable. 28 If {X t : t ∈ T} is a stochastic process in a probability space ⟨Ω, R, μ⟩, then for each k-tuple ⟨t 1 , ..., t k ⟩ of distinct elements of T, the random vector ⟨Xt 1 , ..., X t k ⟩ has, over k , some distribution
, where  k is the σ-algebra of k-dimensional Borel sets ( =  1 ). The probability measures μ t 1 ...t k are the finite-dimensional distributions of the stochastic process. Kolmogorov's existence theorem says, conversely, It follows that in order to define with mathematical consistency the stochastic process representing CSG for causal sets, one should envision the birth of new elements to run ad infinitum as is, indeed, the case in RS universes. And this amounts to a first move of retreat vis-à-vis the block-universe idea as Sorkin himself readily concedes:
In order to define [the measure] consistently, one must take [the sample space] to be a space of infinite causets, ones for which the growth process has "run to completion". We meet here with an echo of the block-universe idea, that is in effect built into mathematicians' formalisation of the concept of stochastic process (Sorkin 2007, 160n8) .
Be this as it may, the proponents of the CSP have done all the necessary mathematical work. 29 In short, the first step toward the construction of the relevant probability space has as follows. Take T = as the index set for "external" or "extrinsic" "time". Let the sample space be the set Ω of labeled infinite ("completed") causal sets. For each labeled finite causal set  b of cardinality card(b) = n ∈ , the cylinder set with base  b (of rank n) is just the set of all labeled infinite causal sets whose first n elements (those labeled 0, 1, ..., n -1) form a causal set isomorphic to  b (with the same labeling) -symbolically: cyl(b) = {c Ω : the first card(b) elements of c form an isomorphic copy of b with the same labeling}.
Accordingly, the σ-algebra R in Ω is defined as the σ-algebra generated by all the cylinder sets cyl(b), b Ω(), i.e., as the smallest σ-algebra of subsets of Ω containing all these cylinder sets. It remains to define the appropriate probability measure on R . The transition probabilities α n , n , given by (5) above, determine the probability of formation of each labeled finite causal set (equal to the product of the transition probabilities corresponding to the individual births described by the labeling) and, consequently, a real function μ on the set of all cylinder sets. This function can, then, be extended to a probability measure μ on the entire σ-algebra R via the standard mathematical procedures that if a given system of such measures satisfies two consistency conditions, then there exists a stochastic process having these finite dimensional distributions. More precisely, if T is an arbitrary set and to each k = 1, 2, ... and each ⟨t 1 , ..., t k ⟩ ∈ T k there corresponds a joint distribution function μ t 1 ...t k :  k   so that all the μ t 1 ...t k satisfy the following two conditions:
(a) For all H 1 , ..., H k ∈  and every permutation π of ⟨1, 2, ..., k⟩,
then there exists on some probability space ⟨Ω, R, μ⟩ a stochastic process {X t : t ∈ T} having the μ t 1 ...t k as its finite-dimensional distributions. Billingsley (1995, ch. 7, sec. 36 underpinning Kolmogorov's theorem. Thus is obtained the probability space ⟨Ω, R , μ⟩ pertaining to the labeled infinite ("completed") causal sets. 30 Still, this approach is not "covariant". 31 The probability space ⟨Ω, R , μ⟩ affords probabilistic answers to questions that are not covariant inasmuch as they implicate, for admitting a definite probabilistic answer, some particular labeling. 32 Yet, the postulate of discrete general covariance requires independence from labeling. The elements of a causal set are not intrinsically individuated and, consequently, for each labeled causal set the only representation endowed with physical significance is the isomorphism equivalence class it belongs to.
The switch to a covariant probability space is brought about in the following manner. Take the set Ω of unlabeled infinite ("completed") causal sets for sample space. Consider the relation   of -label variance in Ω discussed in the previous Section and deem a subset A of Ω to be covariant just in case along with each of its members, A contains all members of Ω equivalent (isomorphic) to it: for all c ,c'Ω, if c  A and c c ', then c'A . Let R be the collection of all subsets A of Ω that are both μ-measurable (AR) and covariant in the aforementioned sense. Note that each A R, although "originally" a subset of Ω , it may also be regarded as a subset of Ω because it is relabeling invariant. Further, it is not hard to prove that R constitutes a σ-algebra of subsets of Ω (and of Ω) and, indeed, a sub-σ-algebra of R since clearly R R. Therefore, the restriction of the measure μ to R yields a measure μ =μ | R on the measurable space ⟨Ω, R ⟩ for unlabeled infinite ("completed") causal sets (i.e., μ(A) =μ(A) for every A R). Thus we get the covariant probability space ⟨Ω, R , μ ⟩ for the RS models of CSG -"covariant" in the sense that the members of R correspond exactly to the physical meaningful, according to discrete general covariance, questions the dynamics provides probabilistic answers to by means of μ. 33 However, the physical significance of the members of the covariant σ-algebra R is not clear. The question or predicate an arbitrary A ∈R corresponds to cannot, in general, be couched in terms familiar to the available theory describing causal set structure and growth. Yet, some members of R do have an apparent physical significance. These are the so-called "stem sets" defined by arbitrary unlabeled finite causal sets. For any b∈Ω(), define the stem set of b by stem(b) = {cΩ:c contains a stem isomorphic to b} That is, stem(b) comprises exactly those unlabeled infinite ("completed") causal sets for each of which there exists a natural labeling such that the first card(b) elements form a causal set isomorphic to b. That stem(b)∈R , for every b ∈Ω(), follows from the fact that stem(b) (viewed as a subset of  Ω) is a countable union of cylinder sets:
Clearly, for each b ∈Ω(), the associated member stem(b) of R corresponds to a question whose physical meaning is evident: for every c∈Ω , the question 'c∈stem(b)? ' just means 'Does c contain a stem isomorphic to b?' And the answer afforded by the theory is, of course, probabilistic: 'Yes, with probability
But are all infinite ("completed") causal sets characterized by their stems? The exact mathematical answer is "Almost, yes!" Here is how this answer is substantiated. Call an infinite ("completed") causal set a "rogue" if and only if there exists another infinite ("completed") causal set that is not isomorphic to the former although it shares with it exactly the same stems: c ∈ Ω is a rogue if and only if there exists a c'∈Ω such that c' is not isomorphic to c but for every b∈Ω(), c ∈stem(b) just in case c'∈stem (b) . Put the other way around, every infinite ("completed") causal set that is not a rogue is characterized up to isomorphism by its stems. Now, a remarkable theorem demonstrated by Brightwell et al. (2003, 4 , Proposition 1) affirms that in any CSG dynamics, the set Θ of all rogues in Ω has measure zero, μ(Θ) = 0. Therefore almost every infinite ("completed") causal set produced by a CSG dynamics is characterized up to isomorphism by its stems.
The upshot of all this can be stated thus. With the exception of a set of infinite ("completed") causets of measure zero, all that can be meaningfully said about an infinite ("completed") causet may, once appropriately analyzed, be expressed by reference to its stems. In this sense, the stem questions of the form 'c ∈stem(b)?' , with c∈Ω and b∈Ω(), "virtually" exhaust the set of covariant and physically meaningful elementary questions a causal set cosmology built on CSG is expected to tackle.
I shall now argue that precisely this aspect of CSG prohibits the causal set cosmology coupled to it from buttressing a robust notion of Becoming consonant with a growing block model of the universe. My argument rests on the following philosophical presuppositions. 34 A physical theory hosts a genuine notion of Becoming, consonant with a growing block model of the universe, only if it distinguishes "stages of Becoming" so that at each such stage the entire history of the world is divided into a part that "has already become" or "is already definite" and a part that "has not as yet become" but is (temporarily) "indefinite". And if truth supervenes on being, as David Lewis (2001) The question we have to address now concerns the way in which "stages of Becoming" may be represented in a CSG dynamics. Of course, as causal sets are intended to portray discrete spacetimes, these stages should admit as index set. But what sort of structure in a growing causal set is going to represent the temporary locus of Becoming at the n th stage for n ∈? There appear only two choices. According to the first, call it "Choice 1", this structure may include (for sufficiently large n) more than one causet elements, none of which is an ancestor or descendant of another. According to the second, "Choice 2", the temporary locus of Becoming at each stage contains exactly one causet element. Intuitively, Choice 1 is intended to salvage, in a discrete spacetime, a surrogate for "hupersurface Becoming" in continuous spacetimes, whereas Choice 2 allies with the idea of "localizing" Becoming and the present. Neither choice supports the thesis that the CSP harbors a notion of Becoming that is both genuine by the standards of growing block theorists and novel in the sense that it has not been put forth in the context of relativistic theories of spacetime continua. Or so I shall argue.
Take up Choice 1 first. The most plausible way to spell it out mathematically seems to be this. Consider any infinite ("completed") causet c. Define the level of an element x in c as the maximum length of a chain in c with top element x. 35 Given that causets are past finite, every element in c has some finite level. For each n ∈, define the n th level of c as the set of all elements of c of level n and recognize it as a single stage of Becoming in the CSG producing c. 36 Along this line, the part of c that has already become as of a given stage comprises exactly those elements of c whose level is less than or equal to n, for some n . Let c (n) 35 Definitions and notation are borrowed from Brightwell et al. 2003, 4. 36 Sure enough, the identification of the n th level in a causet with the, say, n th "stage of Becoming" in that causet's growth is somewhat arbitrary. However, not much hinges on this identification. The argument goes through as long as, for any causet c ∈Ω, what is taken to be the part of c that has already become as of any given stage has infinite complement with respect to c. Note, in addition, that there is no claim here that the levels of a causet approximated by a general relativistic spacetime will be mapped onto time slices of the embedding spacetime which correspond to sharp values of some global time function.
denote the thus demarcated subset of c -namely, the subset of all xc with the property that every chain ending at x has length at most n (i.e., has at most n + 1 elements): max {k : ∃x 0 , x 1 , ..., x k c with x 0 Ax 1 A ...A x k and x k = x ≤n .
Intuitively, c (n) is supposed to represent past and present as of a given stage of the growth of c, i.e., the cumulative accretion of events, or Broad's "sum total of existence", up to that stage.
Recall now that in causal set cosmology based on a CSG dynamics, for almost every world c (viz. for every cΩ\Θ), the only propositions of physical significance that may be asserted about c can be analyzed into propositions of the form 'c stem(b)' , bΩ  . Moreover, no physical facts can distinguish between isomorphic causet worlds. Accordingly, on the above approach to expounding Choice 1, the necessary condition [N] is transcribed thus: there exist bΩ  and n  such that for every c,c '∈Ω\Θ, if cstem(b) but c'stem(b) , then c (n) is not isomorphic to c' (n) . But, clearly, this is false! A stem that has not appeared as of any given stage may appear later on and, consequently, for every bΩ  and every n there exist c,c '∈Ω\Θ such that c stem(b) and c 'stem (b) and c (n) is isomorphic to c' (n) .
The philosophical moral to be drawn is that, on this approach, causal set cosmology does not support a notion of Becoming consonant with a growing block model of the universe, since it does not bestow physical significance to any proposition referring exclusively to what might count as past and present. The crux of the issue is this, as the proponents of the CSP have acknowledged. 37 For a stochastic process that takes place against a non-dynamical temporal background, the predicates corresponding to measurable sets can be thought of as logical combinations of simpler predicates whose attribution can be decided in finite time. In the case of the stochastic growth of causal sets, this is true for the cylinder sets, which, however, are devoid of physical significance as they are not covariant. The closest covariant surrogates for the cylinder sets are the stem sets. But the attribution of the predicate corresponding to a stem set, even though it may be verified in finite time, it can be strictly falsified only in the limit of infinite number of stages of growth.
So let us turn to Choice 2. According to it, the temporary locus of Becoming at each stage of growth of a causet contains exactly one element; while the partial order relation 9 between causet elements admits the interpretation conferred by the locution 'x has already become (is already definite) as of y' . The relation 9 possesses the formal properties required for this interpretation: it is (i) reflexive ("every event has already become as of itself "), (ii) transitive ("for all events x, y and Z, if x has already become as of y and y has already become as of Z, then x has already become as of Z"), and (iii) non-universal ("for every event x, there is at least one event that has not already become as of x"). 38 It is this conception of Becoming that has been explicitly advocated by some proponents of the CSP. Dowker, for example, in connection with the way in which the RS models can deal with "the problem of Now", has affirmed:
There is growth and change. Things happen! But the general covariance means that the physical order in which they happen is a partial order, not a total order. This doesn't give any physical significance to a universal Now, but rather to events, to a Here-and-Now.
I am not claiming that this picture of accumulating events (which will have to be reassessed in the quantum theory) would explain why we experience time passing, but it is more compatible with our experience than the Block Universe view (Dowker 2005, 458) .
And, in a similar vein, she concluded one of her lectures with the following points: 39 "Becoming" and lack of a global time peacefully co-exist in these models. Things happen, but in a partial order.
In a Sequential Growth Model, the causal past of any newly born element is real: reality accumulates, like sediment, with the events of the past fixed and unchanging and the future as yet unrealised potentiality.
But now there are two qualms one may justifiably have regarding the assertion that the CSP gives new life to the growing block view of the universe. First, this notion of Becoming is not novel: one can trace it in philosophical treatments of "good old" special relativity on Minkowski spacetime. And second, one may worry whether a partial ordering of events together with a solipsist view of each event's present is too weak a base to underpin a robust notion of Becoming that makes absolutely no concessions to eternalist views. I shall bracket here the second kind of concerns as they have been voiced and argued, for and against, in an extensive literature on the metaphysics of special and general relativity. 40 Let me just go over the basic components of the relevant here conception of Becoming in the context of special relativity. 41 First, it involves the intention to graft the explication of the terms 'present' and 'temporal Becoming' on the intrinsic geometry of Minkowski spacetime. To this end, Stein (1991) demonstrated that the only plausible two-place relation 'Rxy' between points of Minkowski spacetime that (i) exhibits the necessary formal properties (reflexivity, transitivity, non-universality) to admit the interpretation 'x has already become as of y' , and (ii) is invariant under automorphisms preserving time-orientation, is 39 The referred to talk by Fay Dowker bears the title "Discrete spacetime: Things happen, they just happen in a partial order" and the slides for it are available in the Internet (Dowker 2015) . 40 Savitt's (2014) provides an overview and parts II and III of (Stein 1968, 15) . And, third, the process of Becoming is local, not only in the sense that it reduces to the happenings of individual local events, but also in the sense that the temporal relations in the network of these happenings arise from a partial ordering of non-global nature (Dieks 2006, 173) . Becoming is just the successive happening of events along a timelike world line.
It is not my intention to defend (or criticize) this conception of Becoming in relativistic physics. I cannot resist, however, quoting one of Stein's witty remarks to its defense:
At any rate, it is clearly a fact about the historical etymology of our language that the original meaning of the word "present" was not now, but here-now... That remains a current usage: When a soldier at roll call responds "Present!" upon hearing his name, he is not merely announcing that he still exists; he means that he is on the spot (Stein 1991, 159) .
Still, my point is that the CSP has not as yet offered a conception of Becoming in physics that is not already familiar from philosophical discussions of relativistic theories on smooth spacetime manifolds. As a last piece of "textual evidence", let me cite an excerpt from Dieks's conclusions:
So the natural view is that the history of our universe is realized by events that come into being; and that they come into being after and before each other as dictated by the partial ordering relation induced by the spacetime structure. According to this proposal the life of the universe is not one linear series of events, but a partially ordered set of events (Dieks 2006, 172-173) .
The similarity with Dowker's views cited above is evident.
Conclusion
The CSP constitutes a vigorous approach towards a quantum theory of gravity that deserves more attention from philosophers than it has attracted so far. And one can argue in support of this claim even irrespectively of one's expectations as to whether the CSP will eventually succeed in "uncovering the Holy Grail", in producing a satisfactory theory of quantum gravity. At any rate, the current state of theoretical physics offers very feeble evidence to ground such expectations, not only for the CSP, but also for programmes that are more popular among physicists and seem to have attained a higher level of maturity, like the string theory programme or the loop quantum gravity programme.
What makes the CSP of particular interest to philosophers is that its development has been accompanied, if not motivated, by the explicitly stated desire to respond to some challenges with venerable history in the philosophical tradition. 43 I tried to review and assess the CSP's response to one such philosophical challenge -namely, the challenge to incorporate a dynamic conception of the world, in harmony with a growing block model of the universe, in a (relativistic) physical theory about spacetime.
I argued that the CSP, at its present stage of development, does not meet the challenge for two reasons. First, the only kind of dynamics for causal sets that has been fully elaborated to date, the CSG type of dynamics, cannot be defined with mathematical consistency but in the limit of infinite time "when" causal set growth "has reached completion". This is due to the fact the relevant dynamical law amounts to the specification of the probability measure of a classical stochastic process. Still, this makes the growing block imagery the CSP aspires to flesh out within physics parasitic on a block universe view.
The second reason does not stem from some demand for mathematical consistency but from a physical principle lying at the core of the CSP, discrete general covariance. As I tried to show, this principle deprives the CSP from the conceptual resources to ground truths about the past or the present -resources that are plausibly required of any theory that aims to buttress the metaphysics of past-presentism. The only way out for a proponent of the CSP, who wishes to cling to a notion of Becoming that salvages a dynamic conception of the world, seems to be the stratagem of localizing Becoming and the present. But this move, whether on the right track or not, is not novel: it has been proposed and debated in the context of philosophical attempts to trace a viable notion of Becoming within relativistic spacetime theories on continuous (smooth) manifolds.
As I have mentioned right from the start, both of these obstacles to salvaging a robust notion of Becoming are acknowledged by the proponents of the CSP as well as by philosophers that have commented upon the issue. Why does, then, the CSP continue to retain its appeal vis-à-vis prospects of maintaining some growing block view of the universe? I see only two interrelated reasons for this (other than the obvious one that any metaphysical-ontological interpretations of the theories formulated within the CSP are apt to differ radically once causal sets are endowed with a quantum dynamics). The first has to do with the postulated discreteness of the deep structure of spacetime. In a discrete spacetime, there is not only "before" and "after", but also "previous" and "next": an event does not only have a "past" and a "future", but also a "predecessor" and a "successor". And this "animates" the motion of "now" along a timelike world line. The second reason has been recently pointed out by Callender and Wüthrich (2014) : causal sets do exhibit a kind of gauge-invariant growth (measured by the number of elements). But this growth can be taken to graft a notion of temporal Becoming only at the expense of sacrificing various deep-seated intuitions and philosophical convictions. 44 
